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Abstract
We give a new formula for the rotation number (or Whitney index) of
a smooth closed plane curve. This formula is obtained from the winding
numbers associated with the regions and the crossing points of the curve.
One difference with the classic Whitney formula is that ours does not need
a base point.
1 Introduction
Informally, the rotation number w(γ) of a regular closed planar curve γ is just
the number of complete turns the tangent vector to the curve makes as one
passes once around the curve; and the winding number wind(γ, p) of a closed
curve γ with respect to a point p is the number of times the curve winds around
the point (see Figure 1). In [4] Whitney showed that the rotation number is
invariant under regular homotopy. Moreover, again by Whitney [4], there is a
simple formula for the rotation number of normal planar curves in terms of the
number of positive crossings and negative crossings with respect to a base point.
Figure 1: w(γ) = 1 and wind(γ, p) = 1.
In the sections 2, 3 and 4 of this article we give the basic ideas about rotation
number and winding numbers, and in section 5 we give our new formula for
calculating the rotation number of a closed curve as a function of the winding
numbers (Theorem 5.1).
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2 Winding numbers.
We will say that a curve γ is generic (or normal) if γ has a finite number
of crossing points and they are transverse double points. If γ : [0, 1] −→ C
is a closed generic curve, and p is not in the image of γ; then we may find
differentiable functions, r(t) > 0 and θ(t) ∈ R such that
γ(t) = p+ r(t)eiθ(t)
The function θ(t) is unique up to an additive constant, 2pik; for some k ∈ Z
and therefore ∆θ := θ(1) − θ(0) is well defined independent of the choice of
θ. Moreover, since γ is a closed curve so that γ(1) = γ(0); we have that
θ(1)− θ(0) = 2pim for some m ∈ Z.
So we can give the following definition:
wind(γ, p) :=
θ(1)− θ(0)
2pi
We can easily see that the function wind(γ, p) is constant as a function of p
in each connected component of C− Im(γ). If r is a region of the curve γ, we
define wind(r) := wind(γ, p) where p is any point in the region r. Intuitively,
wind(r) is the number of times that γ winds counterclockwise around any point
in region r. The interger numbers given by the following lemma (see [1]) are
the numbers wind(r).
Lemma 1. Given a closed oriented normal curve γ, one can associate integers
to each of the regions such that at each segment of γ the number to the left of
γ is 1 greater than the number to the right, and the outside region is numbered
zero. Moreover, such a numbering is unique.
Example 1. In Figure 2 we can see the winding numbers associated with the
regions of a curve.
Figure 2: The winding numbers of a closed curve.
Another way to define the winding numbers is as follows: let ρ be any ray
from p to infinity that intersects γ transversely. The winding number of γ around
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p is the number of times γ crosses ρ from right to left, minus the number of
times γ crosses ρ from left to right. The winding number does not depend on
the particular choice of ray ρ (see Figure 3).
Figure 3: wind(γ, p) = 1.
3 The rotation number
We say that a closed curve γ is regular if its derivative γ′ exists, it is continuous,
γ′(t) 6= 0 for all t ∈ [0, 1] and γ′(0) = γ′(1). The rotation number w(γ) of a
regular closed plane curve γ is the number of complete rotations that a tangent
vector to the curve makes as it goes around the curve. Now we are going to give
a formal definition.
Let γ : [0, 1] −→ R2 be a regular closed curve. We define the function
γ : [0, 1] −→ S1
γ(t) =
γ′(t)
|γ′(t)|
Let us observe that γ(0) = γ(1). The rotation number w(γ) of γ is defined
as the degree of the map γ, this is
w(γ) := degree(γ)
Let x ∈ Im(γ) be a point (we will call it base point) that is not a crossing
point. For a crossing point c, this determines an ordering of two outgoing
branches of γ in c (the branch that passes through the crossing first and the one
that passes second). If when we cross the crossing c through the first branch the
second branch passes from left to right, we will say that c is a positive crossing
and we will write εc(x) = 1. Otherwise we will say that c is negative and write
εc(x) = −1. Also, we define indγ(x) as the average between the values of the
two winding number of the regions that are on the sides of x. Let us observe
that indγ(x) ∈ 12Z.
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Theorem 3.1. (Whitney [4]) Let x ∈ Im(γ) be a point that is not a crossing
point. Then the rotation number w(γ) satisfies
w(γ) =
∑
c
εc(x) + 2indγ(x).
Example 2. On the following curve we choose a base point x and calculate
the signs of the crossing points. For this, we start from x in the direction of
the orientation of the curve until we reach the first crossing point and we see
that the second branch crosses us from right to left, therefore the crossing point
is negative. We continue traveling the curve and when we arrive (for the first
time) at the second crossing point we see that the second branch crosses us from
left to right, therefore the crossing point is positive. Also, the regions on the
sides of x have winding numbers equal to 0 and 1, therefore indγ(x) = 1/2.
Then w(γ) =
∑
c εc(x) + 2indγ(x) = 1.
4 Regular homotopy
A regular homotopy is a function h : [0, 1]2 −→ R2 such that for all s, the
function t 7−→ h(s, t) is a regular closed curve, and the partial derivative ∂h/∂t
is a free homotopy between loops in R2−{0}. Two regular closed curves γ1 and
γ2 are regularly homotopic if there is a regular homotopy h such that h(0,·) = γ1
and h(1,·) = γ2.
Theorem 4.1. (Whitney - Graustein [4]) Two regular closed curves in R2 are
regularly homotopic if and only if their rotation numbers are equal.
Given two closed generic curves γ1 and γ2, it is always possible to go from
γ1 to γ2 through a finite sequence of elementary moves M1, M2 and M3 (see
Figure 4). This elementary moves are “shadows” of the classical Reidemeister
moves used to manipulate knot and link diagrams in [3]. Furthermore, it is
known that γ1 and γ2 will be regularly homotopic if and only if there exists a
finite sequence of elementary moves M2 and M3 that connect γ1 with γ2.
Similar things can be said for oriented closed generic curves. Given two
oriented closed generic curves γ1 and γ2, it is always possible to go from γ1 to
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Figure 4: The elementary moves M1, M2 and M3.
γ2 through a finite sequence of oriented elementary moves M1a, M1b, M2b and
M3a (see Figure 5). The fact that these four oriented moves is sufficient can
be seen in the article [2] of Polyak. In this article Polyak shows that oriented
Reidemeister moves Ω1a, Ω1b, Ω2a and Ω3a (moves of knot diagrams similar
to M1a, M1b, M2a and M3a but indicating at each crossing the branch that
passes below and the one that passes above) are enough to generate all oriented
Reidemeister moves.
Figure 5: The oriented elementary moves M1a, M1b, M2a, and M3a.
5 A new formula for the rotation number
Now we are going to associate an integer to each crossing point of the curve.
It is easy to verify that at any crossing point c there are always two opposite
corners with the same winding number A and two opposite corners with winding
number A − 1 and A + 1 (see Figure 6). Then we associate the interger A as
the associated number of the crossing point c and we write wind(c) = A.
Figure 6: The winding number of a crossing point.
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Combinatorially, a generic closed curve can be thought of as a 4-regular
graph. If the number of vertices of this graph (the crossing points) is n, then
the number of edges is 2n. Also, follows from Euler’s formula in the sphere
(#faces−#edges+ #vertices = 2) that the number of faces (regions) is n+ 2.
Theorem 5.1. Let γ be a closed oriented normal curve in the plane. Let
r1, r2, ..., rn+2 be the regions of γ and let c1, c2, ..., cn be the crossing points of
γ. Then the rotation number w(γ) satisfies
w(γ) =
n+2∑
i=1
wind(ri)−
n∑
i=1
wind(ci).
Proof. Given a closed oriented normal curve γ we define
d(γ) :=
n+2∑
i=1
wind(ri)−
n∑
i=1
wind(ci).
We want to prove that w(γ) = d(γ). Let us observe that for a Jordan curve
(that is, a simple closed curve) the equality w(γ) = d(γ) holds (see Figure 7).
Figure 7: The rotation number coincides with d(γ) on the Jordan curve.
We will use the following notation:
R(γ) :=
n+2∑
i=1
wind(ri) and C(γ) :=
n∑
i=1
wind(ci)
So that d(γ) = R(γ)−C(γ). Furthermore, we know that given two curves γ1
and γ2 it is always possible to transform one curve into the other by performing
a finite sequence of moves M1a, M1b, M2a and M3a. Now we will see that the
value of w(γ)− d(γ) remains constant when we make these moves.
Let D be a changing disc within which we are going to make a elementary
move. We define Rex(γ) as the sum of the winding numbers of the regions that
have empty intersection with D, and define Rin(γ) as the sum of the winding
numbers of the regions that have nonempty intersection with D. Trivially we
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have that R(γ) = Rex(γ) + Rin(γ). Similarly for the crossing points we define
Cex(γ) as the sum of the winding numbers of the crossing points that do not
belong to the changing disc D and we define Cin(γ) as the sum of the winding
numbers of the crossing points that belong to the changing disc D. Trivially we
have that C(γ) = Cex(γ) + Cin(γ).
If r is a region that is not entirely contained in D, then wind(r) is pre-
served after the elementary move is made. To understand this think of the
definition of wind(r) using a ray emerging from any point of r (choose a point
outside disk D) and any direction (choose a direction so that the ray does not
pass through disk D) that cuts across γ (see Figure 3). The above statement
implies that both Rex(γ) and Cex(γ) are preserved after the move, and there-
fore dex(γ) := Rex(γ) − Cex(γ) is preserved. Now let’s see what happens to
din(γ) := Rin(γ)− Cin(γ) when we make a elementary move. For that we will
analyze each elementary move separately:
In the elementary move M1a (viewed from left to right) the value of din(γ)
decreases by 1 (see Figure 8). Then d(γ) = dex(γ) + din(γ) decreases by 1.
Furthermore, since w(γ) also decreases by 1 we have that w(γ)− d(γ) remains
constant. In the elementary move M1b (viewed from left to right) the value of
din(γ) increase by 1 (see Figure 8). Then d(γ) = dex(γ) + din(γ) increase by 1.
Furthermore, since w(γ) also increases by 1 we have that w(γ) − d(γ) remains
constant.
Figure 8: The moves M1a and M1b do not change the value of w(γ)− d(γ).
In the elementary move M2a el value of din(γ) remain constant (see Figure
9). Then d(γ) = dex(γ) + din(γ) remain constant. Furthermore, since w(γ) also
remain constant we have that w(γ)− d(γ) remains constant. In the elementary
move M3a el value of din(γ) remain constant (see Figure 9). Then d(γ) =
dex(γ) + din(γ) remain constant. Furthermore, since w(γ) also remain constant
we have that w(γ)− d(γ) remains constant.
In Figures 8 and 9 we have assumed that all the sub-regions involved (pieces
of regions within the changing disc D) correspond to different regions. But
we must consider the cases in which there are sub-regions that are part of the
same region. In the elementary moves M1a, M1b and on the left side of the
elementary move M2a this is impossible as there are not two sub-regions with
the same winding number. On the right side of the elementary move M2a this
can occurs, but if this happens it would force our curve to split in two. In the
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Figure 9: The moves M2a and M3a do not change the value of din(γ).
elementary move M3a the sub-regions 1, 3 and 5 (see Figure 10) could be part of
the same region (the same is the case with sub-regions 2, 4 and 6). Now suppose
that in the elementary move M3a on the left side we have that sub-regions 1
and 3 are part of the same region.
Figure 10: Numbered sub-regions for the move M3a.
So on the right side, the same should happen with sub-regions 1 and 3. So
to calculate the value of din(γ) we only have to subtract wind(sub-region 1)
from both sides of the move with respect to the calculation done in Figure 9.
Therefore the value of din(γ) remains constant in the move (see Figure 11). The
same occurs if we have three sub-regions in the same region.
Figure 11: Two pieces of regions belong to the same region.
We have proven that when we make any of the elementary moves M1a, M1b,
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M2a and M3a the value of W (γ)− d(γ) remains constant.
Now we transform our curve γ into a Jordan curve J by a finite sequence of
movesM1a, M1b, M2a andM3a. Since in the Jordan curve holds w(J)−d(J) = 0,
then also in our curve it is worth that w(γ)− d(γ) = 0. Then w(γ) = d(γ).
Example 3. On the following curve we choose a base point x and calculate the
signs of the crossing points. Five are positive and three are negative (relative to
base point x). Moreover, we have that indγ(x) = 1/2, so by Whitney’s theorem
we have that w(γ) =
∑
c εc(x) + 2indγ(x) = 3. On the other hand, the sum of
the winding numbers of the regions is equal to 11 and the sum of the winding
numbers of the crossing points is equal to 8 (all are equal to 1). Thus, d(γ) = 3.
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